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Augis and Bennett (J. Thermal Anal. 13 (1978) 283.) [6] recently proposed a modified
Kissinger method for determining the activation energy of a transformation. It is shown
that the proposed method was, in fact, based upon a modification to the equation for
the rate of reaction under non-isothermal conditions. The apparent discrepancy be-
tween the proposed method and the original Kissinger method is therefore resolved.
The modified rate equation appears to have, at best, only a limited application. How-
ever, if the equation should be appropriate for a particular transformation, it is dem-
onstrated that Augis and Bennett’s method would be the correct method for determin-
ing the activation energy.

The so-called peak-displacement or Kissinger [1] method of quantitative thermal
analysis has often been used to determine the activation energies of the rate con-
trolling processes for solid state transformations. The method involves the mea-
surement of the temperature T, corresponding to the maximum rate of reaction
during heating from an initial temperature 7, at a constant heating rate, r. The
temperature T, can be equated to the maximum of an exothermic DTA peak if
the specimen is in good thermal contact with the rest of the thermal analysis system
[2]. If the thermal contact is poor it is necessary to relate the fraction transformed,
x, to the observed differential temperature, 87, by means of a calibration constant.
This constant may involve a linear [3, 4] or a quadratic [5] expression for x in
terms of 7. The activation energy Q, for Q/RT,, > 1 where R is the gas constant,
is given by d[In(r/T2 )]d(1/T,,) which is the gradient of the straight line obtained
on plotting In (#/T2) versus 1/T,,.

In a recent paper, Augis and Bennett [6] proposed that Q should be calculated
by plotting In[r/(T,,— T;)] versus /T, for Q(T,,— T,)/RTZ > 1.In the limiting case of
small Ty (i.e. (T,, — T3)/T,, = 1) there would seem to be serious discrepancy be-
tween the Augis— Bennett procedure and the conventional Kissinger procedure.
The present communication will demonstrate that the discrepancy is an apparent
one which arises because of differences in the assumed expression for the instan-
taneous rate of reaction under non-isothermal conditions. Having clarified this
fundamental point it will be shown that the Augis—Bennett analysis contains
important errors but that in spite of these errors, their proposed procedure is
nonetheless correct for the assumed reaction rate law.
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Analysis

Consider first the conventional Kissinger method, the theoretical basis of which
has been reviewed recently by Henderson [2] and others [7, 8]. These various
authors have shown that the method gives a reasonably accurate estimate of the
activation energy for a single, thermally activated process provided dx/dr is given
by a generalized rate expression of the form:

dx/dt = f(x)g(T) )

where dx/d¢ is the instantaneous rate of change with time of the fraction trans-
formed, under non-isothermal conditions, and is a product of separate functions,
J(x) and g(T), of x and T. Integrating Eq. (1) from x = 0 to x = x,, yields:

dx

) gy = sy = f o(T)T @
where x,, is the fraction transformed at T, If it can be shown that A(x,,) is inde-
pendent of r (i.e., the fraction transformed at T, is the same for all linear heating
rates), we can evaluate Q by integrating an assumed expression for the rate func-
tion, g(T). The usnal assumption {2, 7, 8] is that g(T') is given by an Arrhenius
equation of the form:

g(T) = k exp (—Q/RT) 3

where k is a frequency factor. Hence, for a sufficiently small T, and Q/RT> 1 it
can be shown [9, 10] that:

Tm

h(x,) = (klr) | exp(=Q/RT)AT ~ (RT,k/rQ)exp (—Q/RT) @
T,

where the asymptopic expansion for the exponential-integral function has been
cut off at the first term. Thus, if A(x,,) is independent of the heating rate, Q can be
estimated by plotting In(r/T2) versus 1/T,,.

That the temperature T, corresponds to equal fractions transformed can be
demonstrated as follows: a maximum requires d?x/d¢* = 0 so from Eq. (1) we
have,

df(xm) r dg(7)

dx [g(DE  dT =0. ©)

Using Eq. (3) and Eq. (4) it can be demonstrated that this condition corresponds to:

df(x,,) 1
dx T A

~0. ©
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Equation (6) is in x,, only so its solution is independent of the heating rate and the
maxima at T, correspond to equal fractions transformed.

Consider, on the other hand, the Augis— Bennett analysis. In this case, it is
observed that Eq. (8) of Augis and Bennett’s paper reads as follows:

dx/dt = (dy/dDn u" (1 — x) @)

where n is the rate exponent appearing in the Avrami equation for isothermal
transformation:
x =1 —exp [—(Kt)"] (8)
and
u = Kt = tkexp(—Q/RT). 9)

Equation (7) for the non-isothermal rate of reaction can be rewritten by noting that:

duj/dt = k exp (—Q/RT)[1 + rQt/RT?]
= kexp(—Q/RT)[1 + Q(T — T)/RT?] (10)

where (T — T) = rt. Substituting for du/dt Eq. 10 and for « using Eqs (8) and (9)
shows that Eq. (7) becomes:
-1

dx/dt = n[—In(1 — 0] 7 (1 — Ok[1 + O(T ~ T)/RT* exp (—Q/RT). (11)

This is an equation in x and T such that Augis and Bennett’s generalized rate
functions f(x) and g(T), for non-isothermal transformation are given by:

4(T) = k{1 + O(T — T)/RT?lexp(— Q/RT) 12
) = nl=1n(1 — ] 7 (1 - %) (13)

Clearly, for Q(T — Tp)/RT? < 1, Eq. (12) reduces to:
o(T) = k exp(~QJRT) (142)

and for Q(T — T,)/RT* » 1, we have

9(T) = k[Q(T — T)/RT*] exp (—Q/RT)
= (kQ/RT)exp (—Q/RT)for T, = 0. (14b)

It is therefore not unsurprising that for 7, = 0 and Q/RT > 1 there is an apparent
conflict between the results of Augis and Bennett’s analysis and the results of ear-
lier analyses [2, 7, 8] of the Kissinger method. The latter were based on the use of
an Arrhenius rate function (Eq. 14a) as opposed to Augis and Bennett’s modified
expression (Eq. 14b) for g(7).

Turning now to the details of the analysis presented by Augis and Bennett, it is
noted that these authors did not follow the usual scheme for determining the con-
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ditions to be satisfied at 7,,. Instead, they evaluated the first term appearing in Eq.
(5) by differentiating Eq. (13) to give df(x)/dx and substituting for x,, using Avrami’s
isothermal transformation law (Eq. 8). This is an invalid approach because the
Avrami law cannot be used to estimate x,, during non-isothermal transformations.

A valid analysis for Augis and Bennett’s modified rate law (Eq. 11) can be carried
out by employing the approach described earlier for the Kissinger method. How-
ever, before performing this analysis, it should be pointed out that Augis and Ben-
nett’s paper contains a mathematical mistake wherein the expression for d®u/ds?
(page 285 of their paper) should include the following additional term:

—u(2ar|/T)

where the parameter a is equal to Qr/RT™ Tt is important to emphasise that the
incorporation of this term does not rectify Augis and Bennett’s analysis but merely
corrects a mathematical error.

Adopting the procedure outlined above for the Kissinger method, we note that
Augis and Bennett’s rate function (Eq. 12) for 7, = 0 can be integrated and substi-
tuted in Eq. 2 to give:

Tm
h(x,) = (kfr) { (1 + Q/RT)exp (~Q/RT)AIT ~ (T,klr)exp(—Q/RT,) (15)
0
for Q/RT » 1. This integral has been evaluated using (9),
f (ex)dx ~e *[x %2 — x" for x > 1.

Moreover, by substituting Eq. (12) for g(T')in Eq. (5), the condition for a maximum,
where T, = 0 becomes:

df(x,) r(Q/RT,)* -0
dx k(1 + Q/RT,)* T, exp (—Q/RT,,)

Hence, for Q/RT,, > 1, we have

df(x) r _ dfCxm) o
& TTk exp(—Q/RT,) = dx h(x,,) ~0. {16)

The solution to Eq. 16 is independent of r and to the approximation implicit in
Eq. 15, the maxima at T, correspond to equal fractions transformed. Hence, we
can use Eq. 15 to estimate Q by plotting In(r/7},) versus 1/T,,. Consequently, the
In(#/T,,) plot (for Q/RT,, > 1 and T, = 0) proposed by Augis and Bennett is
indeed the correct method for estimating the activation energy, for their assumed
rate expression.
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Discussion

In the preceding analysis it has been shown that the conventional Kissinger
method and the modified method of Augis and Bennett [2] can be reconciled if it
is appreciated that the two methods are based upon different expressions for the
rate function, g(T), appearing in rate equation for transformation under non-
isothermal conditions (Eq. 1). The theoretical basis for the equation has been con-
sidered recently by Henderson [2, 11] and by Gorbachev [12]. These authors point-
ed out that the equation is applicable to a limited number of transformations such
as those involving site saturation (zero nucleation rate) with linear growth kinetics
(growth rate independent of time). The equation may also be used as an approxi-
mation for those cases which do conform to the criteria specified by Henderson
[2, 11]. It is also legitimate to replace the Arrhenius rate function, g(T’), by some
other function of 7" which describes the reaction rate. For example, the rate of
crystallization of a glass can often be described in terms of a Fulcher expression for
the rate constant (i.e., g(T) = exp[—Q/R(T — T™*)] where T* is a constant). It is
relevant to note, however, that in the numerous reports dealing with measurements
of kinetic parameters for solid-state transformations, there appears to have been
no mention made of a parameter which is proportional to Augis and Bennett’s
modified rate function, g(T) = k(1 + Q/RT) exp (—Q/RT). Consequently, the
adoption of a thermal analysis method based on this function must be expected
to be inappropriate for the vast majority of solid-state transformations.

Conclusion

1. A modification made by Augis and Bennett to the Kissinger, or peak-dis-
placement, method of quantitative thermal analysis was based upon the use of a
non-Arrhenius expression for the rate function appearing in the rate equation for
transformation under non-isothermal conditions.

2. The adoption of the modified rate function means that the peak-displacement
method can be used to estimate the activation energy, 0, for large Q/RT,, provided
In(#/T,,) is plotted as a function of 1/T,,. The parameters appearing in these terms
are T, the temperature corresponding to the maximum rate of reaction; r, the
linear heating rate; and R, the gas constant.

3. Augis and Bennett’s proposed rate function, and their modified method, have
only a limited application in the measurement of reaction rate parameters for
solid-state transformations.

The author is indebted to the Senate of the University of Queensland for the award of
a University Research Fellowship; and to Professor R. R. Stephens for providing laboratory
facilities.
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ZUSAMMENFASSUNG — Von Augis und Bennett (J. Thermal Anal. 13, (1978) 283) wurde eine
modifizierte Kissinger-Methode zur Bestimmung der Aktivierungsenergie einer Umwandlung
vorgeschlagen. BEs wird gezeigt, dass die vorgeschlagene Methode tatsdchlich in einer Modi-
fizierung der Gleichung fiir die Reaktionsgeschwindigkeit unter nicht-isothermen Bedingun-
gen ihren Ursprung hat. Die scheinbare Diskrepanz zwischen der vorgeschlagenen Methode
und der urspriinglichen Kissinger-Methode wird dadurch behoben. Die modifizierte Ge-
schwindigkeitsgleichung hat bestenfalls nur eine begrenzte Anwendung. Jedoch, bei Eignung
dieser Gleichung fiir eine bestimmte Umwandlung zeigt sich, dass die Methode von Augis und
Bennett die richtige Methode zur Bestimmung der Aktivierungsenergie sein kann.

Pesrome — Oruc 1 Bernerr (J. Thermal Anal. 13 (1978) 283.) HemaBHO IPEAJIOKMIM BHIOO-
m3MeHeHHbIH MeTo Kuccnumikepa A7 ONpeelicHus SHePI MM AKTHBALMN Kakoro-mubo Impespa-
menna. ITokasaHO, 4TO IPE/IOMKEHHBIA METOM, B HEHCIBATEILHOCTH, OCHOBAH HA BHIOH3ME-
HEHHOM YPaBHEHHAH CKOPOCTH Peakllid B HEM30TEpMHYeCKuX ycrnopmax. CrenopaTenbHO, paspe-
IWEHO Kaxylleecs NPOTHBOPEYME MEXAY HMPENIOXEHHBIM METOIOM H IIOJJIHHHBIM METOIOM
Kuccnmnmrepa. KaxeTces, 9T0 BHAOM3MEHEHHOS ypaBHenne CKOPOCTH, B JIydIIeM CiIydae, MOXET
MMETH TOJIBKO OIPaHMICHHOE 3HaYeHHe. ITokaszaHo, 4TO ecli ypaBHEHHE IPEeAHA3HAYEHO I CIIe~
madEYeckoro mpeppamenns, To MeTon Oruca u BemHerra MOXET GBITH KOPPEKTHEIM METOIOM
s OUpeeIeHAs JHEPTUHA AKTHBAIINH.
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